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Abstract. In this article we formulate a group of birational transformations which is isomorphic to
an extended affineWeyl group of type (A2n+1+A1+A1)
(1) with the aid of mutations and permutations
to a mutation-periodic quiver on a torus. This group provides four types of generalizations of Jimbo-
Sakai’s q-Painleve´ VI equation as translations of the extended affine Weyl group. Then the known
three systems are obtained again; the q-Garnier system, a similarity reduction of the lattice q-UC
hierarchy and a similarity reduction of the q-Drinfeld-Sokolov hierarchy.
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1. Introduction
The cluster algebra was introduced by Fomin and Zelevinsky in [4, 5]. Let Q be a quiver with
N vertices, x = (x1, . . . , xN) an N-tuple of cluster variables and y = (y1, . . . , yN) an N-tuple of





be a skew-symmetric matrix
corresponding to the quiver Q. For each k ∈ {1, . . . ,N}, we define a mutation µk : (Q, x, y) →
(Q′, x′, y′) by
λ′i, j =

−λi, j (i = k ∨ j = k)
λi, j + λi,kλk, j (λi,k > 0 ∧ λk, j > 0)


















 (i = k)










+ 1)−λk,i (λk,i ≥ 0)
yi(yk + 1)
−λk,i (λk,i < 0)
.
The cluster algebra with coefficients is defined asA(Q0, x0, y0) = Z(y0)[x|x ∈ X], where X is a set
of all cluster variables given by iterative mutations to an initial seed (Q0, x0, y0).
The property of quivers called mutation-period is the one that iterative mutations gives a per-
mutation of vertices of quivers. It was introduced by Nakanishi in [17]. On the other hand, as
is seen above, new cluster variables x′i (resp. coefficients y
′
i) are rational in original variables and
coefficients xi, yi (resp. coefficients yi). Thanks to those two properties, some mutation-periodic





















































Figure 1. Generalized q-PVI quiver
([1, 6, 22]). Hence it becomes our next problem to reveal how many discrete integrable systems or
(generalizations of) q-Painleve´ equations can be derived from mutation-periodic quivers.
Higher order generalizations of the q-Painleve´ equations has been proposed from some points of
view; birational representations of affine Weyl groups ([13, 14, 15, 31]), a cluster mutation ([6]),
a q-analogue of an isomonodromy deformation ([24]), similarity reductions of discrete integrable
systems ([26, 27, 28]) and a Pade method ([19, 20]). However there doesn’t exist any theory
which governs all of them unlike in the case of 2nd order ([23]). Our aim is to construct a good
classification theory for generalized q-Painleve´ systems based on the affine Weyl group and the
cluster algebra.
As a first step of our aim, we consider a mutation-periodic quiver on a torus; see Figure 1. Then
we can find some compositions of iterative mutations and permutations such that the quiver is
invariant under their actions. These compositions turn out to be generators of a group of birational
transformations which is isomorphic to an extended affine Weyl group of type (A2n+1 + A1 + A1)
(1).
This group provides four types of generalizations of the q-Painleve´ VI equation as translations of
the extended affine Weyl group. They contain the known three systems; Sakai’s q-Garnier system
([24]), Tsuda’s q-Painleve´ system arising from the q-LUC hierarchy ([28]) and the q-Painleve´
system q-P(n+1,n+1) arising from the q-DS hierarchy ([26, 27]). Since these three systems were
obtained as the compatibility conditions of systems of linear q-difference equations called Lax
pairs, the result of this article gives them interpretations as birational representations of affine
Weyl groups.
Remark 1.1. The mutation-periodic quiver in Figure 1 is obtained from the ((n + 1),−(n + 1))-
reduction of the dmKdV quiver given in [22]. On the other hand, the generalized q-Painleve´ VI
systems given in [26, 27] is derived from the q-DS hierarchy corresponding to the partition (n +
1, n + 1) of the natural number (2n + 2). This consistency allows us to expect that there exists a
relationship between mutation-periodic quivers and Lax pairs.
Remark 1.2. A birational representation of the affine Weyl group of type (Akm−1 + Akn−1 + Ak−1)
(1),
where m and n are coprime, is formulated in [16]. It is an extension of the previuos work [13]. It
is also expected to give unknown generalized q-Painleve´ systems.
Remark 1.3. The q-Painleve´ VI equation was proposed by Jimbo and Sakai in [12] as a q-analogue
of the isomonodromy deformation of the Fuchsian system. Afterward, it was given in [23, 30] as a
birational representation of the extended affine Weyl group of type D
(1)
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. It was also derived in [22]
from the mutation-periodic quiver in Figure 1 of the case n = 1.
Remark 1.4. It is shown in [20] that both q-Garnier system and q-P(n+1,n+1) are derived from the
same linear q-difference equation. There is a difference in directions of discrete time evolutions
between them. Besides, both Tsuda’s q-Painleve´ system and q-P(n+1,n+1) reduce in a continuous
limit q → 1 to the same Hamiltonian system given in [2, 25, 29]. The result of this article clarifies
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the connection between these three systems in a framework of the affine Weyl group and the cluster
algebra.
This article is organized as follows. In Section 2, we formulate birational transformations





′ with the aid of mutations and permutations to the mutation-periodic
quiver in Figure 1. We also show that they satisfy the fundamental relations of the extended affine
Weyl group of type (A2n+1 + A1 + A1)
(1). In Section 3, four types of generalized q-Painleve´ VI
systems are obtained as translations of the extended affine Weyl group.
2. AffineWeyl group of type (A2n+1 + A1 + A1)
(1)
2.1. Birational representation. Let Q be a quiver given in Figure 1. The corresponding skew-
symmetric matrix Λ is given by








(−X2i+2,2i+2n+1 + X2i+2,2i+2n+2 + X2i+2,2i+2n+3 − X2i+2,2i+2n+4),
(2.1)
where Xi, j = Ei, j−E j,i and Ei, j is the (4n+4)× (4n+4)-matrix with 1 in the (i, j)-th entry and zeros
elsewhere. Also let (Q, (x1, . . . , x4n+4), (y1, . . . , y4n+4)) be a seed. Then we can describe the actions
of the mutations µ1, . . . , µ4n+4 on the coefficients y1, . . . , y4n+4 following the definition given in the
previous section; we don’t give their explicit formulas here. Moreover, transpositions of vertices
of the quiver (i, j) act on the coefficients as
(y1, . . . , y4n+4)
(i, j)
−−→ (y1, . . . , yi−1, y j, yi+1, . . . , y j−1, yi, y j+1, . . . , y4n+4),
for 1 ≤ i < j ≤ 4n + 4.
Let



























In the following we use notations
αi+2n+2 = αi, ϕi+2n+2 = ϕi.
In this section we introduce some compositions of iterative mutations and transpositions such that
the quiver in Figure 1 is invariant under their actions. They turn out to be birational transformations
which act on (α0, . . . , α2n+1, β, β
′; ϕ0, . . . , ϕ2n+1).
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We first define compositions r0, . . . , r2n+1 by
r2i = (2i + 1, 2i + 2) µ2i+2 µ2i+1,
r2i+1 = (2i + 2n + 3, 2i + 2n + 4) µ2i+2n+4 µ2i+2n+3,
for i = 0, . . . , n. Their actions on (αi, β, β
′; ϕi) are given by
ri(αi−1) = αi αi−1, ri(αi) =
1
αi
, ri(αi+1) = αi αi+1, ri(α j) = α j,









αi (1 + ϕi)
αi + ϕi
ϕi+1, ri(ϕ j) = ϕ j,
for j , i− 1, i, i+ 1 and i = 0, . . . , 2n+ 1. We can obtain them by direct calculations. For example,
the action of r0 is derived as follows;
(y1, . . . , y4n+4)
µ1
−→






































from which we obtain
(α0, . . . , α2n+1, β, β











α0 (1 + ϕ0)
α0 + ϕ0











s0 = µ1 µ2n+4 µ3 µ2n+6 . . . µ2n−1 µ4n+2 µ2n+1 (2n + 1, 4n + 4) µ2n+1 µ4n+2 µ2n−1 . . . µ2n+6 µ3 µ2n+4 µ1,
s1 = µ2 µ2n+3 µ4 µ2n+5 . . . µ2n µ4n+1 µ2n+2 (2n + 2, 4n + 3) µ2n+2 µ4n+1 µ2n . . . µ2n+5 µ4 µ2n+3 µ2,
s′0 = µ1 µ2n+3 µ3 µ2n+5 . . . µ2n−1 µ4n+1 µ2n+1 (2n + 1, 4n + 3) µ2n+1 µ4n+1 µ2n−1 . . . µ2n+5 µ3 µ2n+3 µ1,
s′1 = µ2 µ2n+4 µ4 µ2n+6 . . . µ2n µ4n+2 µ2n+2 (2n + 2, 4n + 4) µ2n+2 µ4n+2 µ2n . . . µ2n+6 µ4 µ2n+4 µ2.
Their actions on (αi, β, β
′; ϕi) are given by






























)(1 + ϕ2i+2 j+2)
,



























































)(1 + ϕ2i+2 j+3)
,
(2.3)
for i = 0, . . . , n,
s′0(αi) = αi, s
′







s′1(αi) = αi, s
′







































for i = 0, . . . , 2n + 1. Derivations of these actions are placed in Appendix A.
In the last, we define compositions pi, pi′ by using cyclic permutation as
pi = (1, 2n + 3, 3, 2n + 5, . . . , 2n + 1, 4n + 3)(2, 2n + 4, 4, 2n + 6, . . . , 2n + 2, 4n + 4),
pi′ = (1, 2n + 4, 3, 2n + 6, . . . , 2n + 1, 4n + 4)(2, 2n + 3, 4, 2n + 5, . . . , 2n + 2, 4n + 3).
We also define a composition ρ by
ρ = (1, 2)(3, 2n + 2)(4, 2n + 1) . . . (n + 2, n + 3)
× (2n + 3, 4n + 3)(2n + 5, 4n + 1) . . . (3n + 2, 3n + 4)
× (2n + 4, 4n + 4)(2n + 6, 4n + 2) . . . (3n + 3, 3n + 5),
for n is odd and
ρ = (1, 2)(3, 2n + 2)(4, 2n + 1) . . . (n + 2, n + 3)
× (2n + 3, 4n + 3)(2n + 5, 4n + 1) . . . (3n + 1, 3n + 5)
× (2n + 4, 4n + 4)(2n + 6, 4n + 2) . . . (3n + 2, 3n + 6),
for n is even. Their actions on (αi, β, β
′; ϕi) are given by
pi(αi) = αi+1, pi(β) =
1
qβ
, pi(β′) = β′, pi(ϕi) = ϕi+1,
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pi′(αi) = αi+1, pi







for i = 0, . . . , 2n + 1 and










, ρ(ϕ2 j+1) = ϕ2n+1−2 j,
for i = 0, . . . , n. We can obtain them easily by direct calculations.





, pi, pi′, ρ〉 are isomorphic to an
extended affine Weyl group of type (A2n+1 + A1 + A1)
(1).
Theorem 2.1. The birational transformations ri, sk, s
′
l
, pi, pi′, ρ satisfy the fundamental relations
r2i = 1, (ri ri+1)
3
= 1, (ri r j)
2
















pi2n+2 = 1, (pi′)2n+2 = 1, pi pi′ = pi′pi, pi2 = (pi′)2, ρ2 = 1,
ri pi = pi ri+1, ri pi
′















l ρ = ρ sl+1
where





for i = 0, . . . , 2n + 1 and k, l = 0, 1.
We prove this theorem in the next subsection.
Remark 2.2. The complex parameters α0, . . . , α2n+1 correspond to the simple roots of the affine
root system of type A
(1)
2n+1




















As a matter of fact, the actions of sk, s
′
l









pi(βk) = βk+1, pi
′(βk) = βk, ρ(β0) =
β1
q









































for k, l = 0, 1.
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were first given in [10]. They are found again through
a recent work [16], in which a relationship between Weyl groups and mutation-periodic quivers
is investigated systematically. Besides, the definition of the compositions r0, . . . , r2n+1 is suggested
by [1], in which the birational representations of the affine Weyl groups providing nine types of
q-Painleve´ equations below q-P(A2) are derived from mutation-periodic quivers.
2.2. Proof of theorem 2.1. We have already known that the relations
r2i = 1, (ri ri+1)
3
= 1, (ri r j)
2
= 1,









= 1, (ri sk)
2









l ρ = ρ sl+1
can be shown with the aid of ones
µ2i = 1, (i, j) µi = µ j (i, j), (i, j) µk = µk (i, j) (i , j , k , i, i, j, k = 1, . . . , 4n + 4).





In the following we show the relation (s1 s
′
1
)2 = 1. The rest three relations can be shown by




′. Since α0, . . . , α2n+1 are invariant under the actions of s1, s
′
1, we
investigate the actions on ϕ0, . . . , ϕ2n+1. They are expressed as























































































Lemma 2.4. The following equations are satisfied.
































for i = 0, . . . , n.
Proof. We prove Equation (2.4). The definition of S 2i implies







































 α2i+2 j+2ϕ2i+2 j+2 .

































































































































































The other equations can be shown in a similar way. 
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We first show the relation s′
1
s1(ϕ2i) = s1 s
′
1























































































































by using equation (2.5).
We next show the relation s′
1
s1(ϕ2i+1) = s1 s
′
1
















































ϕ2i+2 j+2 S 2i+2 j+2













ϕ2i+2 j+4 S 2i+2 j+4
















ϕ2i+2 j+2 S 2i+2 j+2






































































. Moreover, we rewrite












































































































by using equation (2.5) and (2.7).
We will use the following lemma in the next section.




























(i = 1, . . . , n). (2.10)
























(i = 1, . . . , n). (2.11)
















(i = 0, . . . , n). (2.12)














































for i = 0, . . . , n. Substituting (2.13) to (2.11), we obtain equation (2.10). 
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Remark 2.6. The fundamental relation (s1 s
′
1
)2 = 1 is shown independently in [16] by a more
efficient method. In this section we show it by a direct calculation on purpose because we will use
equations (2.8) and (2.10) to derive a generalized q-Painleve´ VI system in the next section.
3. Derivations of the generalized q-Painleve´ VI systems





, pi, pi′, ρ
which generate the extended affine Weyl group of type (A2n+1 + A1 + A1)
(1). Hence we can define





T2 = (r0 r1 . . . rn rn+2 rn+3 . . . r2n pi
′)2,




T4 = (r0 r2 . . . r2n pi
′)2,
which act on (αi, β, β
′) as
T1(αi) = αi, T1(β) = q β, T1(β




, T2(αn) = qαn, T2(αn+1) =
αn+1
q
, T2(α2n+1) = qα2n+1,
T2(αi) = αi (i , 0, n, n + 1, 2n + 1), T2(β) = β, T2(β
′) = β′,
T3(α0) = qα0, T3(α1) =
α1
q





, T4(α2i+1) = α2i+1 α2i+2 α2i+3 α2i+4 α2i+5 (i = 0, . . . , n),
T4(β) = β, T4(β
′) = β′.
In this section we investigate the actions of translations T1, T2 and T4 on ϕ0, . . . , ϕ2n+1.
Remark 3.1. In a strict sense the transformation T4 is not a translation of the affine Weyl group.




, Tm4 (α2i+1) = qα2i+1 (n = 2m − 1),
T 2m+14 (α2i) =
α2i
q2
, T 2m+14 (α2i+1) = q
2 α2i+1 (n = 2m),
for i = 0, . . . , n. We utilize this property in order to derive Tsuda’s q-Painleve´ system.




given in Section 3.2.4 of [20]. However, in order to prove it, we have to formulate





′, ρ in a framework of a Lax form. It is a future problem.
3.1. T1: q-Painleve´ system q-P(n+1,n+1) arising from q-DS hierarchy. In this subsection we show
that the action of T1 on ϕ0, . . . , ϕ2n+1 is equivalent to the q-Painleve´ system q-P(n+1,n+1) given in
[26, 27], whose explicit formula is placed in Appendix B.

















T1(ai) = ai, T1(bi) = bi (i = 1, . . . , n + 1), T1(t) = q t.












(i = 1, . . . , n).
Then we obtain the following theorem.
Theorem 3.3. The action of the translation T1 on ( fi, gi) is equivalent to system (B.1). Moreover,
the actions of the transformations r0, . . . , r2n+1 and p˜i = s
′
1
pi on (ai, bi, t; fi, gi) are equivalent to the
ones in Appendix B.
Proof. We first investigate the action T1(gi). Equation (2.8) implies



































































































(i = 0, . . . , n),
ϕ1 = −
g0 (b1 − g1)





gi (bi+1 − gi+1)
bi+1 (bi − gi)
fi
fi+1
(i = 1, . . . , n − 1),
ϕ2n+1 = −
gn (b0 − g0)
b0 (bn − gn)
fn,
(3.3)
where g0 g1 . . . gn = q
− n−22 t−1 and b0 = q bn+1. Substituting (3.3) to (3.2), we have











Gi, S˜ ′2i = bi − git bi fi Fi (i = 1, . . . , n),

















































(i = 1, . . . , n),




α2i ϕ2i α2i+1 ϕ2i+1
















(i = 1, . . . , n).
(3.6)











 = f1 g1 F1G2qn−1t2 g0G1 F2 Gn+1 F1 − q
n−1t2 g0 Fn+1 a1G1












 = fi+1 gi+1 Fi+1Gi+2fi giGi+1 Fi+2 Gi Fi+1 − gi Fi ai+1Gi+1Gi+1 Fi+2 − gi+1 Fi+1 ai+2Gi+2 (i = 1, . . . , n).
(3.7)






































(i = 1, . . . , n − 1).
In the last we investigate the actions of the transformations r0, . . . , r2n+1 and p˜i on (ai, bi, t; fi, gi).














. . . α2n+1
2i+2n+1
β′
(i = 1, . . . , n + 1), t = β′.






























































(i = 0, . . . , n).









































































(i = 1, . . . , n).
(3.8)

















(i = 0, . . . , n),
we have
S ′2i+1 = −
gi
ai+1
R∗i (i = 0, . . . , n). (3.9)









= R∗i+1 + 1 −
t
q














































































p˜i( fn) = q
(gn R
∗


















































3.2. T2: q-Garnier system. The fundamental relations imply
p˜i2 = s′1 pi s
′
1 pi = pi
2,
from which we obtain
T2 = r0 r1 . . . rn−1 rn+1 rn+2 . . . r2n r2n+1 r0 . . . rn−2 rn rn+1 . . . r2n−1 p˜i
2.
In the previous subsection we showed that the transformations r0, . . . , r2n+1 and p˜i
2 are equivalent
to the ones given in [26, 27]. Moreover, these transformations are formulated in [26] as gauge
transformations for the Lax pair; see Appendix B for its detail. Hence we have a system of linear
q-difference equations with (2n + 2) × (2n + 2) matrices
T−1q,z (ψ) = M ψ, T2(ψ) = Γψ, (3.11)
whose compatibility condition, that is T2(M) Γ = T
−1
q,z (Γ)M, implies the action of T2 on ( fi, gi).
Here we use notations
Tq,z(x(z)) = x(q z), T
−1
q,z (x(z)) = x(q
−1z).
The matrix Γ is given by
Γ = r1 . . . rn−1 rn+1 . . . r2n+1 r0 . . . rn−2 rn . . . r2n−1 p˜i
2(Γ0)
× r2 . . . rn−1 rn+1 . . . r2n+1 r0 . . . rn−2 rn . . . r2n−1 p˜i
2(Γ1)
× . . .

















































Each γi, j is rational in the entries of the matrix M; we don’t give its explicit formula here. The
explicit formulas of the matrices M, Γ0, . . . , Γ2n+1 and Π are placed in Appendix B. In this subsec-








n+1 bi (i , m, 2m), T2(bm) = q
− n




for n = 2m − 1 and
T2(ai) = q
1









for n = 2m.






 = zlogq a1 ψ.
Then system (3.11) is transformed to
T−1q,z (ψˆ) =
(








Mˆ0 + z Mˆ1 =
1
a1
M(z), Γˆ0 + z Γˆ1 = z
1
n+1 Γ(z).




z I − Mˆ0
)
ψˆ, T2(ψˆ) = Γˆ0 ψˆ + Γˆ1 Tq,z(ψˆ), (3.13)










































































z I − Mˆn,n
)
. . . Mˆ−11,2
(
z I − Mˆ1,1
)
,








Lemma 3.4. The compatibility condition of (3.12), that is T2(Mˆ) Γ = T
−1
q,z (Γ) Mˆ, implies the one
of (3.14), that is T2(A)B = Tq,z(B)A.
Proof. The compatibility condition of (3.12) is described as
T2(Mˆi,i) Γi,i = Γi,i Mˆi,i (i = 1, . . . , n + 1), (3.15)
and
T2(Mˆi,i) Γi,i+1 + T2(Mˆi,i+1) Γi+1,i+1 = Γi,i Mˆi,i+1 + Γi,i+1 Mˆi+1,i+1 (i = 1, . . . , n),
T2(
ˆˆMn+1,n+1) Γn+1,1 + T2(Mˆn+1,1) Γ1,1 = Γn+1,n+1 Mˆn+1,1 + q
−1
Γn+1,1 Mˆ1,1,
T2(Mˆi,i+1) Γi+1,i+2 = Γi,i+1 Mˆi+1,i+2 (i = 1, . . . , n − 1),
T2(Mˆn,n+1) Γn+1,1 = Γn,n+1 Mˆn+1,1,























z I − Mˆi+1,i+1
)}
















































n+1,1) . . .
(






z I − T2(Mˆ1,1)
) {








n+1,1) . . .
(






















z I − T2(Mˆ2,2)
) {








z I − Mˆ1,1
)





z I − T2(Mˆn+1,n+1)
) {




z I − Mˆn+1,n+1
)}
Mˆ−1n,n+1 . . .
(














z I − Mˆn+1,n+1
)
Mˆ−1n,n+1 . . .
(
















z I − Mˆ1,1
)
= Tq,z(B)A,
by using (3.15) and (3.17). 
System (3.14) is equivalent to the Lax pair of the q-Garnier system (of inverse direction).
Theorem 3.5. The matricesA and B satisfy the following properties.
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We will investigate the eigenvalues of the matrixA0. We obtain
det
(


























































































n,n+1 Mˆn,n . . . Mˆ
−1
































On the other hand, thanks to Lemma 2.4 of [3], we have
det
(















It follows that the eigenvalues of the matrixA0 are q
− n
2 t−1 and q
n
2 a1 b1 . . . an+1 bn+1.
(2) We can prove by using (3.18) and
det
(




















(i = 1, . . . , n + 1).



































Then we can express the determinant of the matrix B as
detB = t
1
n+1 a21 (z − t1) (z − t2) .
The compatibility condition of system (3.14), that is T2(A)B = Tq,z(B)A, implies
det T2(A) detB = detTq,z(B) detA,































We can prove for the case n = 2m in a similar way. 
Remark 3.6. The transformation from (3.12) to (3.14) is suggested by the previous work [20],
in which the connection between q-Garnier system and q-P(n+1,n+1) is clarified at the level of Lax
forms with the aid of a duality in a reduction of the q-KP hierarchy.
3.3. T4: Tsuda’s q-Painleve´ system arising from q-LUC hierarchy. The transformation T4 acts




(1 + ϕ2i+1)(α2i+3 + ϕ2i+3)
(1 + ϕ2i+3)(α2i+1 + ϕ2i+1)
ϕ2i+2,













for i = 0, . . . , n. In this subsection we show that system (3.19) is equivalent to Tsuda’s q-Painleve´
system given in Section 3.4 of [28].

























































α2i+1 (i = 0, . . . , n).
The transformation T4 acts on (t, c) as
T4(t0) = q t0, T4(t1) = q t1,
and
Tm4 (c2i) = c2i, T
m
4 (c2i+1) = c2i+1 (n = 2m − 1),
T 2m+14 (c2i) = c2i, T
2m+1
4 (c2i+1) = c2i+1 (n = 2m),
for i = 0, . . . , n. We now regard ϕi (i = 0, . . . , 2n + 1) as variables depending on (t, c) and denote
them by ϕi(t; c). Then system (3.19) is rewritten into
ϕ2i(q t; T4(c)) =
1
c2i+2 c2i+3










c2i+3 + ϕ2i+3(t; c)
}










c2i+1 + ϕ2i+1(t; c)
} ϕ2i+2(t; c),
ϕ2i+1(q t; T4(c)) = c2i+1 c2i+2










+ ϕ2i(q t; T4(c))















for i = 0, . . . , n, where q t = (q t1, q t2).
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(i, k = 0, . . . , n).
Here indices i, j of fi, j(t), gi, j(t), ci, j are congruent modulo n + 1. Then system (3.20) is equivalent
to Tsuda’s q-Painleve´ system.





(gi+1,n−i+2k − α)(gi,n−i+2k+1 − ci,n−i+2k+1 β)





( f i+1,n−i+2k−1 − γ)( f i,n−i+2k − ci,n−i+2k δ)




f i,n−i+2k = fi,n−i+2k(q t), gi,n−i+2k−1 = gi,n−i+2k−1(q t),
α = q
1
n+1 α, β = q−
1
n+1 β, γ = q
1















= 1 (i, k = 0, . . . , n).
We can prove this theorem by a direct calculation.
Remark 3.8. The fundamental relations imply
p˜i2 = pi2 = (pi′)2,
from which we obtain
T4 = r0 r2 . . . r2n r2n+1 r1 . . . r2n−1 p˜i
2.
Hence we can derive a Lax pair for system (3.19) in a similar manner as the previous subsection;
we don’t give its detail here.
Remark 3.9. System (3.21) is actually closed in 2(n + 1) dependent variables fi,n−i, gi,n−i−1 (i =





tional in dependent variables fi,n−i(t), gi,n−i−1(t) for n = 2m − 1 (resp. n = 2m).
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In this appendix we derive the action of s0 given by (2.2) and (2.3). Actions of the other trans-
formations can be derived in a similar way.
We first take iterativemutations µ2n+1 µ4n+2 µ2n−1 . . . µ2n+6 µ3 µ2n+4 µ1. In each step the coefficients
and the quiver (or equivalently the skew-symmetric matrix) are transformed as(





















































































































































































































= δi,n−1 − 1,


















for k = 2n + 1. The coefficients y
(1)
1






























= y4n+4 (1 + y1).
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for k = 2n + 1.
After taking iterative mutations µ2n+1 . . . µ1 and a transposition (2n + 1, 4n + 4), we have(



















1 + y1 + y1 y2n+4
, yˆ2 =
y1 y2 y2n+4

















(1 + y2 j+1) +
∏i
k=0 y2k+1 y2k+2n+4














(1 + y2 j+1)




























(1 + y2 j+1) +
∏i−2
k=0 y2k+1 y2k+2n+4














(1 + y2 j+1)










































(X2i+1,2i+2 − X2i+1,2i+6 − X2i+1,2i+2n+2 + X2i+1,2i+2n+4 − X2i+2,2i+2n+1 + X2i+2,2i+2n+3)
+ X2n+1,2n+2 − X2n+1,4n+2 + X2n+1,4n+3 − X2n+2,4n+1 + X2n+2,4n+3 − X2n+2,4n+4




− X4n+2,4n+3 + X4n+2,4n+4 − X4n+3,4n+4.
We next take iterative mutations µ1 µ2n+4 µ3 µ2n+6 . . . µ2n−1 µ4n+2 µ2n+1. In each step the coeffi-
cients and the skew-symmetric matrix are transformed as(

















































































































































































































for k = 1. The coefficients yˆ
(k)
1


















































































































































































































































































for k = 1.
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is equivalent to one defined by
















































where yi+4n+4 = yi, for i = 0, . . . , n. Then, substituting
y2i+1 = ϕ2i, y2i+2 =
α2i
ϕ2i
, y2i+2n+3 = ϕ2i+1, y2i+2n+4 =
α2i+1
ϕ2i+1
(i = 0, . . . , n),
to (A.1), we obtain the action of s0 given by (2.2) and (2.3).
Appendix B. Explicit formula and Lax form of q-P(n+1,n+1)
The q-Painleve´ system q-P(n+1,n+1) is expressed as the system of q-difference equations
















) , gi gi = Fi+1Gi
FiGi+1
(i = 1, . . . , n), (B.1)
where g0 g1 . . . gn = q
− n−2




f j + t
n∑
j=i








l= j+1 gl∏ j−1
l=1
gl












k= j bk ak+1
∏n




for i = 1, . . . , n + 1. Here we use notations
x(t) = x(q t), x(t) = x(q−1t) (t, q ∈ C, |q| < 1).
Note that q-P(2,2) coincides with q-PVI.
We define birational transformations r0, r2, . . . , r2n by
r2 j(b j) = a j+1, r2 j(a j+1) = b j, r2 j(bi) = bi, r2 j(ai+1) = ai+1 (i , j),
and
r2 j( fi) = fi, r2 j(gi) = gi.
We also define birational transformations r1, r3, . . . , r2n+1 by
r2 j+1(a j+1) = b j+1 r2 j+1(b j+1) = a j+1, r2 j+1(ai) = a j, r2 j+1(bi) = b j (i , j + 1),
and





















, r1(gi) = gi (i , j),
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r2 j+1( fi) = fi, r2 j+1(gi) = gi ( j = 1, . . . , n − 1, i , j, j + 1),























































































































p˜i( fn) = q
(gn R
∗



















































































(b j − g j)
f j
 .
Here we set f0 = t. Then the system q-P(n+1,n+1) is invariant under the actions of the transformations
r0, . . . , r2n+1 and p˜i. Moreover, a group of birational transformations 〈r0, . . . , r2n+1, p˜i〉 is isomorphic




We next recall the Lax form of q-P(n+1,n+1). Consider a system of linear q-difference equations





















ai yi−1 − yi
0 bi
)




xi − xi+1 −1
)
(i = 1, . . . , n), Mn+1,1 =
(
−t 0
















 ai1+xi yi−1 −yi
0 1 + xi yi












Here we set y0 =
q
t
yn+1. We also use a notation x0 = t xn+1 below. Note that the symbol xi (resp. yi)
doesn’t stand for a cluster variable (resp. a coefficient). The compatibility condition of (B.2), that
is M(z, q−1t) B(z, t) = B(q−1z, t)M(z, t), implies a system of q-difference equations of (2n + 2)-nd
order 
xi−1 − xi =
bi−1 xi−1
1 + xi−1 yi−1
−
ai xi
1 + xi yi−1
yi−1 − yi =
ai yi−1
1 + xi yi−1
−
bi yi
1 + xi yi





1 + xi yi




If, in system (B.3), we set
fi = t
xi − xi+1
t xn+1 − x1
, gi = ai+1
xi+1 (1 + xi yi)
xi (1 + xi+1 yi)
(i = 1, . . . , n),
then they satisfy system (B.1).
28
We also consider gauge transformations for system (B.2)
r j(ψ) = Γ j ψ ( j = 0, . . . , 2n + 1), p˜i
2(ψ) = Πψ, (B.4)
where
Γ0 = I +
bn+1 − a1
t xn+1 − x1
z−1E1,2n+2, Γ2 j = I +
b j − a j+1
x j − x j+1
E2 j+1,2 j ( j = 1, . . . , n),
Γ2 j+1 = I +
a j+1 − b j+1
y j − y j+1























Here the symbol I stands for the identity matrix and Ei, j a (2n + 2) × (2n + 2) matrix with 1 in
(i, j)-th entry and 0 elsewhere. The compatibility condition of (B.2) and (B.4), that is
ri(M(z)) Γi(z) = Γi(q
−1z)M(z) ( j = 0, . . . , 2n + 1), p˜i2(M(z))Π(z) = Π(q−1z)M(z),
implies the actions of birational transformations r0, . . . , r2n+1 and p˜i
2 on (xi, yi). They are described
as
r2 j−2(xi−1) = xi−1, r2 j−2(yi−1) = yi−1 − δi, j
b j−1 − a j
x j−1 − x j
(i = 1, . . . , n + 1),
r2 j−1(xi) = xi − δi, j
a j − b j
y j−1 − y j
, r2 j−1(yi) = yi (i = 1, . . . , n + 1),

















from which we obtain the actions of r0, . . . , r2n+1 and p˜i
2 on ( fi, gi); see [27] for its detail. Note that
we haven’t found a gauge transformation which gives the transformation p˜i yet.
Acknowledgement
The author would like to express his gratitude to Professors Tetsu Masuda, Teruhisa Tsuda and
Yasuhiko Yamada for helpful comments and advices. This work was supported by JSPS KAK-
ENHI Grant Number 15K04911.
References
[1] M. Bershtein, P. Gavrylenko and A. Marshakov, Cluster integrable systems, q-Painleve´ equations and their
quantization, J. High Energ. Phys. (2018) 077.
[2] K. Fuji and T. Suzuki,Drinfeld-Sokolov hierarchies of type A and fourth order Painleve´ systems, Funkcial. Ekvac.
53 (2010) 143–167.
[3] K. Fuji and T. Suzuki, Higher order Painleve´ systems of type A, Drinfeld-Sokolov hierarchies and Fuchsian
systems, RIMS Kokyuroku Bessatsu B30 (2012) 181–208.
[4] S. Fomin and A. Zelevinsky, Cluster algebras I: Foundations, J. Amer. Math. Soc. 15 (2002) 497–529.
[5] S. Fomin and A. Zelevinsky, Cluster algebras IV: Coefficients, Compositio Mathematica 143 (2007) 112–164.
[6] A. Hone and R. Inoue, Discrete Painleve´ equations from Y-systems, J. Phys. A: Math. and Theor. 47 (2014)
474007.
29
[7] R. Inoue, O. Iyama, B. Keller, A. Kuniba and T. Nakanishi, Periodicities of T and Y systems, dilogarithm identi-
ties, and cluster algebras I: Type Br, Publ. RIMS 49 (2013) 1–42.
[8] R. Inoue, O. Iyama, B. Keller, A. Kuniba and T. Nakanishi, Periodicities of T and Y systems, dilogarithm identi-
ties, and cluster algebras II: Types Cr, F4 and G2, Publ. RIMS 49 (2013) 43–85.
[9] R. Inoue, O. Iyama, A. Kuniba, T. Nakanishi and J. Suzuki, Periodicities of T and Y systems, Nagoya Math. J.
197 (2010) 59–174.
[10] R. Inoue, T. Lam and P. Pylyavskyy, On the cluster nature and quantization of geometric R-matrices, to appear
in Publ. RIMS (arXiv:1607.00722).
[11] R. Inoue and T. Nakanishi, Difference equations and cluster algebras I: Poisson bracket for integrable difference
equations, RIMS Kokyuroku Bessatsu B28 (2011) 63–88.
[12] M. Jimbo and H. Sakai, A q-analog of the sixth Painleve´ equation, Let. Math. Phys. 38 (1996) 145–154.






) symmetry, Lett. Math.
Phys. 60 (2002) 211–219.
[14] K. Kajiwara, M. Noumi and Y. Yamada, q-Painleve´ systems arising from q-KP hierarchy, Lett. Math. Phys. 62
(2003) 259–268.
[15] T. Masuda, A q-analogue of the higher order Painleve´ type equations with the affine Weyl group symmetry of type
D, Funkcial. Ekvac. 58 (2015) 405–430.
[16] T. Masuda, N. Okubo and T. Tsuda, in preparation.
[17] T. Nakanishi, Periodicities in cluster algebras and dilogarithm identities, EMS Series of Congress Reports (2011)
407–444.
[18] A. Nobe, Mutations of the cluster algebra of type A
(1)
1
and the periodic discrete Toda lattice, J. Phys. A: Math.
Theor. 49 (2016) 285201.
[19] H. Nagao and Y. Yamada, Study of q-Garnier system by Pade´ method, Funkcial. Ekvac. 61 (2018) 109–133.
[20] H. Nagao and Y. Yamada, Variations of q-Garnier system, J. Phys. A: Math. and Theor. 51 (2018) 135204.
[21] N. Okubo, Discrete integrable systems and cluster algebras, RIMS Koˆkyuˆroku Bessatsu B41 (2013) 25-42.
[22] N. Okubo, Bilinear equations and q-discrete Painleve´ equations satisfied by variables and coefficients in cluster
algebras, J. Phys. A: Math. Theor. 48 (2015) 355201.
[23] H. Sakai, Rational surfaces associated with affine root systems and geometry of the Painleve´ equations, Comm.
Math. Phys. 220 (2001) 165–229.
[24] H. Sakai, A q-analog of the Garnier system, Funkcial. Ekvac. 48 (2005) 237–297.
[25] T. Suzuki, A class of higher order Painleve´ systems arising from integrable hierarchies of type A, AMS Contemp.
Math. 593 (2013) 125–141.
[26] T. Suzuki, A q-analogue of the Drinfeld-Sokolov hierarchy of type A and q-Painleve´ system, AMS Contemp.
Math. 651 (2015) 25–38.
[27] T. Suzuki, A reformulation of the generalized q-Painleve´ VI system with W(A
(1)
2n+1
) symmetry, J. Integrable Syst.
2 (2017) xyw017.
[28] T. Tsuda, On an integrable system of q-difference equations satisfied by the universal characters: its Lax formal-
ism and an application to q-Painleve´ equations, Comm. Math. Phys. 293 (2010) 347–359.
[29] T. Tsuda, UC hierarchy and monodromy preserving deformation, J. Reine Angew. Math. 690 (2014) 1–34.
[30] T. Tsuda and T. Masuda, q-Painleve´ VI equation arising from q-UC hierarchy, Comm. Math. Phys. 262 (2006)
595–609.
[31] T. Tsuda and T. Takenawa, Tropical representation of Weyl groups associated with certain rational varieties,
Adv. in Math. 221 (2009) 936–954.
Department of Physics and Mathematics, Aoyama Gakuin University, 5-10-1, Fuchinobe, Chuo-ku, Sagamihara-
shi, Kanagawa 252-5258, Japan
E-mail address: okubo@gem.aoyama.ac.jp
Department ofMathematics, Kindai University, 3-4-1, Kowakae, Higashi-Osaka, Osaka 577-8502, Japan
E-mail address: suzuki@math.kindai.ac.jp
30
